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Abstract

Some examples are given of the uses of thé FFT algorithm in numerical
weather prediction. The algorithm is derived by means of matrix
factorization, in such a way that the many possible variants can be
obtained in a unified manner. Particular attention is paid to self-sorting
variants of the algorithm, but skeleton Fortran routines are included for

all the "canonical" forms.

The FFT works by decomposing the discrete Fourier transform into a sequence
of short transforms. Algorithms for these short transforms are presented,

and used to derive operation counts for the whole algoxithm.

The implementation of the FFT on vector computers is described, and in the
final section it is demonstrated how savings can be achieved in the case of

two—-dimensional transforms.

1. INTRODUCTION .

Much of the progreéé made in computational physics during the past fifteen
years would not have been possible without the Fast Fourier Transform (FFT)
algorithm. The examples gquoted here are taken from the field of numerical
weather prediction, but readers working in other. areas will be able to

supply similar examples.

At the European Centre for Medium Range Weather Forecasts (ECMWF), a

10-day numerical weather forecast is run each day using a three-dimensional
finite-difference model of the global atmosphere with 15 levels in the vertical
and a regular 96 x 192 latitude-longitude grid in the horizontal. The
computational task of integrating such a large model is made feasible only

by using special methods to lengthen the maximum stable timestep. This is

achieved in two ways, in both of which the FFT plays an important role.

Firstly, the maximum stable timestep is proportional to the physical
distance between gridpoints; the convergence of the meridians implies
that the gridpoints become very close together in the =zonal direction as
the grid approaches the poles. One remedy, now almost conventional in

NWP models based on a regular latitude-longitude grid, is to filter out



the small-scale Fourier components of the model variables (or

their time-tendencies) near the poles, thus increasing the effective

zonal separation of the gridpoints without sacrificing the regularity

of the grid [ 14, 28]. This filtering is most efficiently achieved bf
Fourier transforming the fields, setting the high-wavenumber coefficients’
to zero, and then transforming back to physical space. An alternative
technique, currently implemented in the ECMWF gridpoint model, is to
include implicit latitude-dependent zonal diffusion terms. This technique

too is most efficiently implemented via the FFT.

Secondly, the maximum timestep is inversely proportional to the frequency
of the most rapidly oscillating solutions of the model equations. These are
the inertia-gravity waves which have only small amplitudes in the real
atmosphere and are of little significance for NWP. By treating certain.
linear terms in the model using a Crank-Nicholson time-integration
procedure rather than the usual explicit centred (leapfrog) scheme, the
troublesome small-scale high-frequency gravity waves can be artificially
slowed down. The resulting semi-implicit time integration algorithm [ 19]
remains stable with a timestep typically 6 times leonger than would be
possible with an explicit scheme, while yielding practically identical
results. Implementation of the semi-implicit algorithm in a multi-level
model requires the solution at each timestep of‘a three-dimensional
discrete elliptic equation. Diagonalizing the vertical part of the
finite-difference operator decouples this equation into a set of two-
dimensional Helmholtz eguations, which are solved by combining a fast
direct solver in spherical geometry [ 23] with the technique described in
[ 4] for large out-of-core problems. Most of the work in the Ffast
two-dimensional elliptic solver consists of Fourier transforms between

gridpoint and wavenumber space.

With the model resolution currently employed, a 10-day forecast requires

approximately 15 million real Fourier transforms, each of length N=192.

Even greater use of the FFT is made by the spectral model developed as a
possible alternative to the gridpoint model. Here the horizontal fields
are represented not by values at an array of gridpoints but by coefficients

of spherical harmonic basis functions. Spectral models are free of the



pole problem, and the semi-implicit algorithm is easily implemented since
spherical harmonics are eigenfunctions of the Helmholtz operator. However,
the model's nonlinéar terms are most efficiently computed by first
transforming to physical space, evaluating the terms on a suitable gtid,

and then transforming back to spectral space [3, 17]. The zonal part of the
two-dimensional transforms between gridpoint and spectral space again
consists of Fourier transforms. At the current guasi-operational resolution
of the ECMWF spectralmodel, a 10-day forecast requires about 24 million

real Fourier transforms of length N=192.

In addition to its many applications in computational physics and related
fields such as signal processing, the FFT has found a number of uses in

computational complex analysis, as recently reviewed by Henrici [13].

while the general principlé of how the FFT works is reasonably straight-
forward and quite well-known, the precise details of the algorithm (or family
of algorithms, for there are many variants) are somewhat involved, and

thanks to the widespread availability of "black box" routines many users

have been able to avoid coming to terms with them. This is unfortunate

for several reasons. First, the black boxes are not always as efficient

or as general as they might be, and myths persist in some quarters that,

for example, the algorithm is only efficient if N is a power of 2; or that

a permutation of the data is necessary either before or after the transform.
Second, scientists faced with transferring their calculations to new computer
architectures need to understand the algorithm in order to exploit the transfer
to the full. A third, less utilitarian, reason is simply that the FFT is a

very interesting algorithm.

Many papers have been written explaining the details of the algorithm,

and the only excuse for adding to the total ig that the author believes
the approach présented here is more general and flexible than most. Also,
routines based on the ideas discussed here (particularly as implemented
on the vector machines Cray-1 and Cyber 205) have attracted some interest
in the numerical weather prediction community, and these ideas may have

wider application.

This paper will consider the Fast Fourier Transform of purely complex data;
the specialization to the real case will be left for a later publication.

The FFT will be of the conventional type in which no restrictions are placed



on the factors of N, so we will not treat the special case of mutually
prime factors due to Good [ 12] and developed more recently by Winograd [29].
Attention will be focussed in particular on "self-sorting" variants of the
algorithm which do not require any scrambling or unscrambling of the data

before or after the transform.

2. DEVELOPMENT OF THE ALGORITHM

(a) General remarks

There are basically two approaches to the problem of explaining the.FFT
algorithm. The first takes the defining equation:

N-1
Xj = z 2, exp (2ijkn/N), 0 < j < N-1 (1)

k=0

and proceeds rather directly by manipulation of the indices j and k.
Examples of this approach are the papers by Cooley and Tukey [6], Gentleman
and Sande [9], and the book by Brigham [2]. If N is the product of two
factors, this approach allows a rather simple explanation of what is going
on. However, the extension to many factors requires a forest of summation
signs and multiple subscripts which obscures the details and hides the

many alternatives which are available.
The alternative is to write Eqg. (1) in matrix form:
X=W_z (2)

and to demonstrate that the matrix WN can be factorized as a product of
sparse matrices [8, 10, 15, 18, 26]. We refer to WN‘as the DFT (Discrete
Fourier Transform) matrix of order N. This approach has a more abstract
flavour, and can become somewhat unwieldy. However, it is possible to
develop a compact notation which enables us to treat many different variants
of the FFT algorithm in a unified manner. Strang [22, p-303] has made the
nice observation that "certain special matrices will fall apart wheﬁ they

are dropped the right way". We shall see that, in the case of the DFT

matrix, the pieces can be reassembled in many different ways.



In the development which follows, element (j,k) of a matrix A will be

denoted by [A] (j,k), with the convention.that the rows and columns of
an N x N matrix are indexed from 0 to N-1. For example, from Egs. (1)

and (2) we have

jk

[wel (3.k) =w (3)

where w = exp (2imr/N). Our aim will be to show that if
N = n1n2....nk_1 nk
then
W =T T LT, T (4)

N k "k-17"""7271

and to determine explicitly the form of the factors Ti'

(b) The two-fdactor case

Let N=pq. Then for any 0 < j < N-1, we can write j = £p + m, where
0<L<g-1, 0<m<p-1. Similarly for any 0 < k < N-1, we can write
k =rqg +s, where 0 <r <p-1, 0 <s < g-1.

Let Ir be the identity matrix of order r. Then for 0 <p < r-1,
0<g=<r-1,

’ = 5
[1,] ra) = 6 (5)

where § is the Kronecker delta.
Following Bellman [ 1], define a Kronecker matrix product by
A xXxB-= (aijB) . In the present notation, let A and B be sqguare matrices,

of order p and q respectively. Then

[a xB] (tg +u, rg + s) =[a] (t,0). [B] (u,s). (6)

Define a permutation matrix Pg of order pg by

[Pg](j,k) 1 if j=rp +s and k = sq + ¢

0 otherwise.



Finally, define a diagonal matrix Dg of order pg by

wsm ifj =k =sq +nm

[Dgl (3,k)

0 otherwise

where p = exp(2ir/pg).
We can now establish the following matrix factorization theorem:

W -

Proof. From Egs. (3), (5) and (6),

_ . grt
[Wp x Iq] (tg + 1, rq + . 8) = w Gsu (8)

(Here 2 = exp(2in/p) ).

Premultiplication by a diagonal matrix multiplies the rows, so from
Eg. (8) and the definition of Dg we have:

tu rt
w wq.

S, =«

[Dz (Wp % Iq)] (tq + u, rg + s) = cu

Premultiplication by the permutation matrix Pg takes row (tg + u) to:

row (up + t), hence

P . tu grt
[2¢ Dg W, x I)] (wp + € g +8) =a w8 (9)
Now, we alsc have from Egs. (3), (5) and (6):
[w x1 ] (p +m up + t) = w{pu S . . (10)
= p- - ! mt

By the usual rules of matrix multiplication, Egs. (9) and (10) give::
w_x1) PP D’ W x1)] (&p+m rg+ s)
Ly = 1)) g Dy Wy x 1l (fp +my xq

p-1 g-1
wﬂpu wtu wqrt § § .
t=0 u=0 mt su



‘The presence of the factors Gm and Gsu ensures that there is only

t
one non-zero contribution to this sum, namely:

£ m
P oS | mar
= wlps mms wmqr wlpqr since wP? = 1
_ w(2p+m)(rq + g)
Thus element (j,k) = (dp + m, rq + s) of the product matrix is mjk,

i.e. it is equal to element (j,k) of qu, and the theorem is proved.
In keeping with Eq. (4), we write Eq. (7) in the form

qu = T2 T1 .

The generalization to more factors depends on how this is done. For the

time being, we write

=
|

=P P w x 1)
ad q p g

]
Il

W_x1I.)
q p
and note that since P? = D? = Iq , we could write:

= d 4
T, = (P1 D1

xI)W_x1I) .
5 p)( q P)

This arrangement leads to a version of the algorithm known as "decimation

in frequency” [ 11].

() Extension to more factors

The extension to multiple factors is now simply a matter of matrix algebra.

For example, if N = pgr, we have from Eg. (7):

(w x I) PP o4l W xI )
qr p qr qr

W =W
pgr p(ar) qr p



and using Eq. (7) again to expand qu ’

wo_o=w_xI )EIp¥xI)w x1I
r” "pg r r T p g

Pqr

p
) Pe, Dgr W, x Iqr) .1

pr

Writing this in the form

Mo = T3T2Ty
we have
T, = PP oP w x1I )
. gr gx D qr
- qd d
T2 (Pr Dr X Ip)(Wq X Ipr)
T3 = (Wr x Ipq)

and we could write

r r
T, = (P1 D1

3 x Ipq)(Wr xI ) .

120

The pattern is now beginning to emerge. Suppose N = N, ....ny .

1 = = < 3 <L =
Define El 1, £i+1 niﬂi for 1 <i <k, and m, N/!Zi+1

Then the general form is given by Eg. (4), with
) (12)

Eq. (12) may be proved formally by induction. Each stage of the
transform algorithm, corresponding to a factor n of N, consists of a set
of transforms of order n, then a multiplication by a diagonal matrix, and

finally a permutation of the results.

The above development may be mathematically convincing, but it does not
convey immediately what the corresponding computer program would loock
like; most of us think more e&dsily in Fortran. The virtue of the matrix
formalism is that, having developed one form of the FFT algorithm, many

other variants can easily be deduced.



A skeleton Fortran program to implement Egs. (4) and (12) will now be
presented. Suppose that the factors of N have been stored in an array
IFAX (1) to IFAX (NFAX), and that a complex array of trigonometric

function values has been defined by
TRIGS (K + 1) = exp(2iKnr/N), O <K< N-1.

Suppose that the data to be transformed is in an array A, and that a
work array C is provided. Each array acts alternately as input and
output for successive stages of the algorithm. The outer structure

of the FFT routine is then:

c DECIMATION IN FREQUENCY
COMPLEX A(N), C(N), TRIGS(N)
INTEGER IFAX (NFAX)

a =1

DO 1¢ I = 1, NFAX

IFAC = IFAX(I)

CALL PASS (A,C,TRIGS,IFAC,LA,N)

C [ now reverse roles of A and c]
LA = LA * IFAC
‘1§ CONTINUE
STOP
END

The subroutine PASS has the following structure:

c SELF-SORTING, DECIMATION IN FREQUENCY
SUBROUTINE PASS (A,C,TRIGS,IFAC,LA,N)
COMPLEX A(N),C(N), TRIGS (N)

M = N/IFAC

C Define IFAC base addresses in A

TA=@, IB=M, IC=2*M, ID=3*M,...

C Define IFAC base addresses in C
JA=(@, JB=LA, JC=2*LA, JD=3*LA,...



I=1
J=1
JUMP = (IFAC-1)*1A
DO 2¢ K=¢, M-LA, LA
DO 1¢ 1=1, 1A
c) = @ (K) * (W (IFAC) *A(I) )
I=I+1
J=J+1
1¢ CONTINUE
J=J+JUMP
2¢ CONTINUE
RETURN
END

In the inner loop, W(IFAC) is the DFT matrix of order IFAC, Q(K) is a

diagonal matrix defined by
Q(K) = diag(TRIGS (1), TRIGS (K+1), TRIGS(2*K+1),...),

A(I) and C(J) are vectors of length IFAC defined by

— - - -
A (IA+I) C(Ja+J)
A(I) = A(IB+I) c(J) = C(IB+J) .

A(IC+I)

C(JC+J)

In practice the inner loop would of course be written out as a sequence

of scalar operations, preferably in real arithmetic, using various tricks

to simplify the multiplication by W(IFAC) (see Section 3), and taking account
of the fact thét the first element of Q(K) is always 1. For example, if

IFAC=2 the inner loop (in complex arithmetic) becomes simply:

DP 1¢ IL=1, 1A

C(JA+J) = A(IA+I) + A(IB+I)
C(JB+J) = TRIGS (K+1)* (A(IA+I) - A(IB+I))
I=I+1
J=J+1
1¢ CONTINUE

10



In many circumstances it is worth providing a special case for K=0, since

Q(0) is just the identity matrix.

Notice that the final results of the transform emerge in their natufal
order; the required internal permutations are implemented simply by the
indexing scheme presented above. This is the essence of the "self-sorting"
FFT, which distinguishes it from other variants in which a separate data
permutation is required either before or after the transform. The only
penalty is that two arrays are needed, since in general the computations

cannot be performed in place.

(d) Alternative self-sorting algorithm

ILet us return to Eq. (7), and split the two-factor case in a different way:

H
1l

W x T
1 ( b q)

H
It

W xI) PP o
g b q 4

and notice that we could have written:

1

T, = (W_xI)(PlD
p-a "p P

1 X Iq) .

This rearrangement gives rise to the form of the algorithm known as

"Jecimation in time". From Eq. (7) we have:

= w x1 ) PPaPY w x1)
r pg’ r x r

W =W
pgr (pa)r g

and using Eq. (7) again to expand qu,

W = xI )PPy x1 )PP PP xI )M xI ) (13)
par r **pqg’ r r g "pr g q  “xr p  qr

which we can write as the product of three factors:

11
T, = (W xI )P D x1I
1 p qr’ 'p p qr)
T.o= (W X I PP o x 1
2 a pr)( a g r)
T, = W xI_) pPe pPL |
r pd r r

11



Again a pattern emerges, but this time the pattern is somewhat different.
L, =1, £, . =n,k, for 1 <i<k, and
i+l i1 °©

As before let N = nln2 <ol Ly
m;, = N/£i+1. Then the general form is given by Eq. (4), with
’21 Zi C :
Ti = (Wn. X IN/n.)(Pn. Dn, X Im,) . ’ (14)
i i i i i

Again, Eg. (14) can be proved formally by induction. Notice also that
Eq. (13) for three factors may be derived from Eg. (11) by a different
route. Since qur is symmetric we can transpose the factorization of
Eg. (11); wusing the identities (AB)T = BT AT, (A x B)T = AT x BT,
(Pg)T = Pg, and the fact that the W, I and D matrices are themselves
symmetric, and finally interchanging p and r, gives Eq. (13). 1In fact
the same process can be applied to the general case, Eq. (12), to give

Eg. (14).

This version of the algorithm gives rise to a program similar to that
already presented, except that the variable IA now decresses on successive
passes, the indexing of the input and output arrays within the subroutine
PASS is interchanged, and the multiplication by Q(K) is done before the
multiplication by W(IFAC). For completeness we give the corresponding

routine below:

C DECIMATION IN TIME
COMPLEX A(N), C(N), TRIGS (N)
INTEGER IFAX (NFAX)

LA=N

DO 1¢ I=1,NFAX

IFAC=IFAX (I)

LA=LA/IFAC

CALL PASS(A,C,TRIGS,IFAC,LA,N)

C [ now reverse roles of A and C ]
10 CONTINUE
STOP
END

12



Subroutine PASS is the same as before, except that the inner loop is

replaced by:

C(I) = W(IFAC)*(Q(K)*A(J)).
In this self-sorting variant of the FFT, the intermediate results can be
characterized in a manner which is reminiscent of the way the algorithm is
often derived in the field of signal processing [11]. For example in the
three-factor case N=pqgr, the first stage consists of DFT's of length p on
gr inte:leaved 'samples' of the data; in the second stage we combine these
into DFT's of length pg on r samples of the data, and in the final stage
these are combined into a single DFT of length pgr. (Hence the name

"decimation in time").

There is no such simple interpretation of the intermediate results for the
first self-sorting variant (decimation in frequency). However we can make
a "dual" observation, namely that the last stage is equivalent to pé
interleaved transforms of length r; the second and third stages together
are equivalent to p interleaved transforms of length gr; and of course
the three stages together constitute one transform of length pgr. This
observation is important for the vectorization tgchniques discussed

in Section 4.

(e) Other forms

We now develop a form of the FFT algorithm in which all the permutations are

delayed until the end. We show that if

then
= cee .o - {15
Wy = PiPp ooP g P T T oo T2 T (13)
First note the following useful lemma. ..If AP, Bq are any squafe matrices
of order p and g respectively, then

P (A xB) = (B_ x A) P-. (16)
g p g a® " “q

Using Eg. (16), Eg. (7) can be rewritten as

Pq

Ww =p° (I XwW) D (W xTI) (17)]
g p ad g p°Ta ‘

13 o

i



We can now write

pq 172 "2 "1
with
D

T, =D (W x I

1 g p q)
T o= (I xDH(I x W)

2 p 1" "p q

\

g
P, Pq

. qa ,_ =
P.=1I xP (=1 ) .
2 p 1 jolef

For N=pqgr, we have

P (I xw ) D"

W = p W xI )
p(qr) gr p qr’ gr ' p qQr

and using Eq. (17) again to expand qu P

W =P° (1 xPH@ET  xw)(I xDH(IT xwW xI )P (W x7T )
Spar ar p T ripa T x p T x p T g T riTar Up T Tar

which can be written as

qur = P1 P2 P3 T3 T2 T1

with

=
I

pP W =1 )
b qr

1 qr
T, = (I x Dq) (I xW x1I)
2 r r
T, = (I XD (I xW)
3 pd 1 pq r
- P
P, qu
p. =1 x p%
2 P r
— r —
Py = Ipq X P1 (-IN)

14



i = = < 4 << =
As before, define ﬂl 1, £i+1 nigi for 1 < i<k, and m, _N/£i+1 .
Then the general case is given by Eg. (15) "with '

n,
_ i ‘
T, = (IL x Dm.) (IL_ X Wn. x)Im-) (18)
L 1 i 1 i
oy
P, = (IL X Pm") .
1 1

This form corresponds to the Gentleman-Sande [9] version of the FFT algorithm,
and is another form of decimation in frequency. The multiplications by

Ti can be done in place, and in fact so can the permutations Pi' though

the logic may then become rather complicated; see Singleton [20] for
details. This form of the FFT has the advantage (rarely important on

modern computers) that only a single array'is required, but at the cost

of having to perform an explicit unscrambling of the data at the end of

the algorithm.

For a Fortran implementation we use the same routine as for self-sorting
decimation in frequency, but within the subroutine PASS the inner loop is

replaced by

Q(J) = Q(K)* (W(IFAC)*A(J)).
The index I and the corresponding base addresses are no longer required,

and the array C can occupy the same locations as the array A.

The Cooley-Tukey [6] version of decimation in time is obtained by

performing the permutations before the remainder of the algorithm.

PP = pd pP
q

Again using Eg. (17) and the fact that Pq b , Eq. (7) becomes

W = (W x1) D0} (I xw) PE.
pa a” P p a’ P a

The generalization to three factors is analogous to the Gentleman-Sande

case, but using W =W . Skipping the details, we obtain (for k factors):

par (pa)x

P, ...P P (19)

15



with

As in the case of the two self-sorting algorithms, the Cooley-Tukey
version can be obtained simply by transposing the Gentleman-Sande
factorization. The appropriate Fortran routine is now that for

decimation in time, but the inner loop of subroutine PASS becomes
' C(J) = W(IFAC)*(Q(K)*A(J)).
Yet another distinct form of the algorithm using decimation in

frequency is that due to Pease [18], which can be derived from the

Gentleman-Sande form. In order to do so we need another useful

identity:
pPd X _ pd (20)
r “p pr
and a corollary of Eq. (16):
(a xB) =p% (8 xa) pP . ' (21)
b q b q b q

Consider the factors Ti of the Gentleman-Sande algorithm, given by

Eg. (18). Using Egn. (21) we can rewrite each of them as
T =2, " 0 tx1 (W x I ) P

i £, m, £, n, £, m, .n.

i i i i i7i i

At the left-hand end of the sequence Tk Tk-l e T2 T1 we now get

Ml By
Pp - PN/n
k k

while at the right-hand end we get

Within the sequence we get pairs of permutation matrices of the form

K,+1 m,n,
Pml n PE
i+l i+l i

16



Since £, ., = 4.n, andm, , n, , = m,, we can write this as
i+ ii i i i

1 +1 +1
Z.lnl*fm.ni n, 0y
P P = =
tm. DA Plum. PN/n.
i i i i i

using Eq. (20).

We now have a new factorization which is still of the form (15), but with

oy
T, = P

N/n,
i / i

n,
i
D
( - X,IE,)(Wn, x I
i i

N/ni)”
The advantage of this form,(espeeially for the case n, = 2 for all i, with
which Pease was primarily concerned) is that the structure remains the same
for each pass; only the diagonal matrix (D % X IL )} changes from one pass
to the next. This form 1s therefore rather sultable for hardware imple-
mentations, although an expllc1t permutation of the data is still requlred
to complete the transform (in fact the same permutation as in the
Gentleman-Sande algorithm). Incidentally, readers who refer to Pease's
paper [ 18] should note that his definition of the Kronecker product is

dlfferent from that used here.

The appropriate Fortran routine is that for self-sorting decimation in
frequency, except that subroutine PASS is always'called with IA=1;

the nested loop structure then collapses to a single loop with K as the
‘control variable. The two statements incrementing J can then be combined
to give J = J+IFAC. However, the indexing of the TRIGS array is now
correct only for the first pass. There are two ways of retrieving the
situation. We can provide a different TRIGS array for each pass; this
is expensive in storage, but to anticipate the results of Section 4 it
may be the best solution on a vector computer. Alternatively we can
retain a nested loop structure in order to index correctly a single TRIGS

array.

As in previous cases there is an analogous form of decimation in time,
obtained either directly by transposition or by manipulation of the
Cooley-Tukey version along the same lines as above. The outcome is a
factorization of the form given by Eg. (19) but with
‘n ‘N/n,

i
)(Dﬂ X Im ) Pn .
1 i i i i

17



This form was recommended by SingletonA[Zl] for transforming sequences of
data too large to be contained in core. The appropriate Fortran routine
is now that for self-sorting decimation in time with IA=1, and with
modifications similar to those given for the previous algorithm. Note
that Pease's algorithm and its transpose, like the self-sorting variants,

require a work array.

We now have six different 'canonical' forms of the FFT algorithm, with

the structure of the factorization defined in each case. For multiple
factors there is now almost no limit to the number of different algorithms
which could be invented. For example, if N=pgrs we could use any of

the six forms to decompose the transforms into :factors containing qu
and Wrs’ and then use any of the six forms to decompose each of these

factors further.

(£) Rémarks

(1) It could be argued that there are really only two canonical forms,
decimation in frequency and decimation in time; within each of these
categories, the intermediate results for any of the three forms are the

same apart from a permutation.
(2)  All forms require exactly the same amount of floating-point arithmetic.

(3) In the original paper by Cooley and Tukey [ 6] and many subsequent
descriptions, the wvector A(I) in the skeleton Fortran routine for
decimation in frequency is multiplied by the product matrix Q(K)*W(IFAC),

i.e. we could compute

(Q(K) *W(IFAC) ) *A(I)
rather than

Q(K)*(W(IFAC) *{\(I)) ’

and similarly in the routine for decimation in time.
Assuming that the elements of the product matrix are already available

(they could be picked out of the TRIGS array), it appears at first sight

- that this would decrease the operation count. We shall see in the next

18



section why this is not in fact the case. The elements of Q(K) are
variously referred to as phase factors, rotation factors [ 20] or

twiddle factors [9].

(4) Although neglected for a long time, the self-sorting variants were
discovered soon after the Cooley-Tukey version; Cochran et al [5]
attribute the idea to Stockham. 1In a sense it is obvious that such
variants should exist; the problem is to find simple algorithms for
them. Gentleman and Sande [9] refer to the idea as "FFT's using
scratch storage". Uhrich [ 27] presented a compact self-sorting radix-2
program, but with no explanation of how it worked. Glassman [10] and
Drubin [ 8] also developed a self-sorting algorithm via matrix factorization.
For a recent derivation using a somewhat different approach, see

De Boor [ 71].

(5) The self-sorting variants have recently attracted more attention
in the context of implementation on vector computers, since the explicit
permutation required by the other variants is essentially a scalar

operation and thus relatively time-consuming.

(&) There is one situation in which the extra ;torage reguirements of
the self-sorting forms and the permutation step of other variants can
both be avoided. Suppose for example that the computation consists of
a transform from physical space to Fourier space, an operation on the
Fourier coefficients, and a transfer back to physical space. For the.
first transform we can use decimation in frequency, but omitting the
permutation. The operation on the Fourier coefficients can then be
carried out, using the coefficients in scrambled order. Foxr the final
transform we use decimation in time, omitting the permutation step and

using the factors of N 'in reverse order. This procedure depends on the

fact that the permutation sequences of Egs. (15) and (19) are then
inverses of each other. The penalty now of course is the need to operate
on the scrambled Fourier coefficients; whether this is acceptable will
depend on the application. There is also a need for routines to implement

decimation in both frequency and time.
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(7) Everything in this paper carries through with minor modifications

For the inverse transform,

N-1
Nzk = _Z xj exp (-2ijkr/N)
. 3=0
or
w®
Nz =W_x

~ N

Some writers define the forward and inverse transforms the other way

round.

3. OPERATION COUNTS

Two aspects of the mixed-radix FFT algorithm for composite N contribute
to its speed. ‘'The first was demonstrated in the previous Section; the
transform can be factorized into a séquence of operations based oh
transforms of length ni, Where'ni are the factors df N. 'The second, less
often mentioned, is the speed with which these short transforms can
themselves be computed. For small n, X = an can be obtained using many
fewer operations than appears necessary at first .sight. (This is of
course the reason for separating out the multiplications by phase

factors in the algorithms of Section 2).

In this. Section we give thd algorithms for chputing X = an for

2 <n <6, as used in the Cray-1 and Cyber 205 FFT packages mentioned in
the Introduction. Note that for n = 3;5,6 they»are different from the
algorithms given by Winograd [29]. They are slightly more robust with
respect toArounding errors, and the algorithm given here for n=5
requires fewer additions (but more multiplications) than Winograd's.

The algorithms are all expressed in terms of complex numbers, but it

will be seen that all multiplications are by real numbers or by i.

For n=2 we have simply

requiring 4 real additions.
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For n=3 we form three intermediate results:

t

1]

+ z, ;

= — . = 1 * - .
t Z o § zo', L tl : t3 sin60 (z1 22) ;

1 2

X, = t, -~ it

X t, + it 5 2 3

1 2 37

= + -
xO z0 t1 H

requiring 12 real additions, 4 real multiplications.

For n=4:
t1 =z -+ Zy § t2 =z + Z3 ‘t3 =Z,0" Zg t4 =2y - Z3
xO = t1 + t2 ; x1 = t3 + it4 ; x2 = t1 - t2 7y X, = t, - it

requiring 16 real additions.

Singleton [ 20] gives an algorithm for arbitrary odd n which requires
(n-1)(n+3) real additions and (n--l)2 real multiplications. For n=5
this would give 32 real additions and 16 real multiplications.
However, in the same paper a modification due to Rader is given for
h=5 which saves 4 multiplications. (Winograd's algorithm saves a

further two multiplications at the expense of 2 extra additions).

t1 = 2z, + 24 ; t2 =z, + 23 ; t3 = 21 - 24 ; t4 = z2 - z3 i t5 = t1
£ = (JS/4)(E, - £); b, =z - >t £ o=t 4+t :ty=t, -t
6 1 20! 7 o 4 5'7 8 7 6 - 9 7 6’
= 1 * 1 * - = 3 ) — 3 * »
th sin72 t3 + 8in36 t4 ; t11 51n36 t3 sin72 t4 ;
X, = 2o bty i E = tg bitygp Xy = kg bty q Xy =t - Aty X, = by

requiring 32 real additions and 12 real multiplications.

A useful variation, which reduces all operations to triadic form, is

= s - . = : * — .
t3 sin72% (z1 24) ; t4 sin72 (Z2 23) ;

t, = t, + (sin36/sin72)* t

= 4 2 * —
10 3 t (sin36/sin72) t3 t4

4 P11

with no change in the operation count.
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The inclusion of n=6 in an FFT péckage is unconventionél but as will be
shown later it leads to a significant decrease in the overall operation
count. The algorlthm is the smallest example of Good's theorem [ 12] that,
by suitable permutations of the input and output data, the phase factors
in the factorization of qu can be eliminated if p and q are mutually

prime (here p=2, g=3).

We can rewrite x = W.z as:

62
- e s ‘ e - s
x, ! Z
x4 W3 i W3 22
%5 ~ 3 %4
2 I S — -2
*3 i Z3
%y "3 -, %5
g ! 21
- - hea e - wad

Thus we can use the algorithm for n=3 on the vectors (z p 22, 24) and

(Z .y,
23 : o
sums and dlfferences first, and then apply the algorithm for n=3 to the

Zge 2 ), and then take sums and differences; or we can take the

results. 1In either case, the operation count isg 36 real additions and
8 real multiplications. Including the n=6 algorithm within a conventional
FFT enables some advantage to be taken of mutually prime factors, without

going to the complexity of Good's algorithm.

Table I summarizes the operation counts for these fast "small transform"
algorithmg, and comparesthem with,thé'corresponding basic algorithms using
direct matrix multiplication (but avoiding redundant multiplications by +1
and + i).

To emphasize the point about separating out the multiplication by phase
factors, consider the computation X = QW6§ where @ is a diagonal matrix

of complex numbers, the first of which is 1. Applying the algoxithm above
for n=6 and then multiplying the result by 2 takes a total of 46 real
additions and 28 real multiplications. Direct multiplication of z by the
product matrix ﬂw6, on thé other hand, would require 120 real additions

and 120 real multiplications.
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We are now ready to establish the operation count for the whole FFT
algorithm. First, it is useful to note the operation count per

real point for the computation X = ang. This is found by adding the
operations for (n-1) complex multiplications to the "fast" entries of

Table I, and dividing by 2n. The results are summarized in Table II.

So, for example, if n=2 is a factor of N used in the complex transform
algorithm, then the pass corresponding to that factor will contribute

3N real additions and 2N real multiplications to the operation count.

There is one saving which we have not yet taken into accotnt; inkthe
skeleton Fortran routine of Section 2, Q(K) is the identity matrix for
K=0, and the corresponding (n-1) complex multiplications can be omitted.
The number of times this happens at each stage is given by the variable LA.
If ﬁ=n n S ¢

17273 k’
the total number of complex multiplications saved is

n then at successive stages La=1, ng, 0y n, ;... and

(n1 - 1) +n, (n, - 1) +n, n, (ny,~1) + ...+ Ny Dye-Dy (ny -

1 2 172 3 2

which is just (N-1). (Singleton [20] gives a similar demonstration).

Suppose we have factorized N in the form N = 2p3q4r556t. Using the
results of Table II, and including the above saving, the total operation

count for the complex FFT algorithm is:

number of real additions:

ON(1.5p + 2.67q + 2.75r + 4s + 3.83t - 1) + 2 ;

number of real multiplications:
2N(p + 2gq + 1.5r + 2.8s + 2.33t - 2) +4 .

Notice, incidentally, that the operation count is independent of the

order in which the factors are used.

Table III lists the number of operations required for a range of values of
N, both for a basic FFT algorithm allowing only the prime factors 2, 3 and 5,
and for a "de luxe" version including the factors 4 and 6. (In ambiguous

cases, factors of 6 are extracted first).
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Several observations are in order here. A direct calculation of the DFT
would require almost 4N2 real additions and 4N2'multiplications; the
counts in Table III are smaller by almost two orders of magnitude.
Inclusion of the factors 4 and 6 gives a significant improvement.
Finally, there is nothing very special (except program simplicity)

about the case N = 2°.

a. NOTES ON IMPLEMENTATTON

Thus far we have considered. the efficiency of»the FFT algorithm only in
terms of the number of arithmetic operations required. Just as important
is the efficiency in terms of the utilization of the available computer
hardware, and for current large—scalescientific‘applicétions this raises

the question of vectorization.

The problem of vectorizing the FFT algorithm on the Cray-1 and Cyber 205
has been discussed in detail elsewhere [ 24, 25], and here only a summary

will be given.

Basically we are concerned with the inner loop of the subroutine PASS
outlined in Section 2. This loop vectorizes naturally with an increment

of 1 between successive elements of vectors (assuming here that the real

and imaginary parts of complex numbers have been stored in separate arrays).
Note that the vectors we are discussing now should not be confused with

the mathematical vectors g(I) and E(J), which were used only for compactness
of notation; for clarification, consider the example of IFAC=2 given in
Section 2. The vector length is 1A, which unfortunately never becomes

very long for the modest values of N encountered in most applications.

For example if N=180 = 5 x 6 x 6 the vector length on successive passes

is 1, 5, 30, using decimation in frequency.

On the Cray-1 (unlike the Cyber 205), the elements of a vector do not

have to be contiguously stored, but can be spaced at any constant increment.
This allows us to turn the nested loop structure of subroutine PASS

"inside out", giving instead a vector length of N/(IFAC*LA). The case

N =180 =5 x 6 x 6 can then be implemented with vector lengths 36, 6,30

on successive passes, by choosing the most appropriate structure at each
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stage. Even on the Cray-1, which reaches half maximum speed with
vector lengths as short as 10 or thereabouts, this ig still some way
from being optimal. Also the inside—out loop structure does have
certain technical drawbacks as it involves additional memory references,

redundant multiplications and a risk of bank conflicts [ 24].

As hinted in Section 2, the FFT variant due to Pease [ 18] appears to be
more suitable for vectorization, since it can be implemented with a
vector length of N/IFAC throughout. But as shown in [ 24] this is true
only if the permutation step can be dispensed with; otherwise the
advantage gained from the longer vectors is outweighed by the time

reguired for reordering.

The solution adopted on the Cray-1 arises from the fact that we usually
need to perform many transforms simultaneously. It is then easy to
arrange the data so that the transforms are performed in parallel, with
each vector containing one element from each transform, and the vector
length equal to the number of transforms being performed. The details of
the indexing are transferred to outer loops, and become irrelevant f£rom
the standpoint of wvectorization. As the optimum vector length is 64, and
we can usually arrange for the number of simultaneous transforms to be of
that order or even greater, the problem was considered solved for that

machine.

Table IV lists the times per transform for complex FFT's on the Cray-1
for various values of N, comparing the speed of single transforms
(vectorized as efficiently as possible) with multiple transforms

(64 in parallel). All routines were written in Fortran. As expected,
the advantage gained by performing many transforms in parallel decreases

as N increases, but even at N = 1024 it is still significant.

An interesting result emerges if the same programs are run on a serial
computer; timings obtained on such a machine, the Cyber 175, are included
in Table IV. The advantage of performing transforms in parallel is still
guite marked, due to the reduction in overheads fox loop control and
subroutine calls. Somewhat similar results were presented in [16 ];

the lesson is that vector techniques can pay significant dividends ewven

on non-vector machines.
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On the Cyber 205, which requires vector lengths of order 100 to reach half
maximum speed, there is no way in which a 'single transform of modest length
could be vectorized very efficiently. Unfortunately, even the multiple
vectorization scheme adopted on the Cray-1 proves to be inadequate

on the Cyber 205. First, the requirement that vector elements be
contiguous reduces our freedom to specify the layout of the data; the
multiple approach only works if the simultaneous transforms are
interleaved (i.e., the data vectors to be transformed are given as rows

of a columnwise matrix). More seriously, the efficiency continues to
improve as vector lengths increase (up to a maximum of 64K-1), and

vector lengths should preferably be at least of order several hundred,
typically rather more than the number of transforms which can conveniently
be performed in parallel. Fortunately, interleaving the simultaneous
transforms provides a solution. Recall from Section 2{(d) that, for the
self-sorting decimation-in-frequency algorithm for a single transform of
length N = pgr, the second stage is equivalent to the first stage of p
interleaved transforms each of length gr, and the third stage is
equivalent to the first (and only) stage of pg interleaved transforms

each of length r. Suppose now that we have M interleaved transforms each of
length N = pgr. Applying the simple multiple vectorization technigue
gives a vector length of M throughout. However('from the remarks above
we see that after the first pass the remainder of the process is
equivalent to Mp interleaved transforms of length gr, and so the second
pass can be done with a vector length Mp. The third pass is then
equivalent to Mpg interleaved transforms of length r, and can be done
with a vector length Mpg. Thus interleaving the transforms, which had

to be done in order to implement the multiple approach at all, in

fact results in significantly longer vectors after the first pass.

This procedure could of course also be applied on the Cray-1, but there
would be littlg gain unless the number of transforms was much less than

64d.
An analogous result exists for the decimation-in-time algorithm;

it was used by Korn and Lambiotte [16], who elevate it to the status

of a theorem.
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Finally, a note on assembly language programs. Implementing a

multiple self-gorting mixed-radix FFT package in assembly language

is a task not to be undertaken lightly, as the author will wearily
testify; however, depending on the computer, the compiler and the
application, it may be worthwhile. On the Cray-1, fior example, a
package written in CAL performs FFT's at around 100 megaflops,
approximately twice the rate obtained in Fortran. The provision of
vector registers, and the register-to-register arithmetic, offer

ample scope for the CAL programmer to overlap arithmetic with

memory references and to organize the scheduling of insttuctions at a
level beyond the capabilities of the Fortran compilexr. On the Cyber 205,
on the other hand, the memory-to-memory arithmetic makes such considera-
tions irrelevant, and very little is gained by the use of assembly

language.

5. TWO-DIMENSIONAL TRANSFORMS

In some circumstances we need to perform a two-dimensional complex discrete
Fourier transform, defined by
N-1  M-1

’ xj,k = z Z Zm,n exp (2ijmn/M) exp (2iknm/N). (22)
n=0 m=0

In the conventional approach, we first compute N independent DFT's

given by
M-1
yj,n = z Zm,n exp (24 jmm/M)
m=0
and then compute M independent DFT's given by
N-1
X, = . exp(2iknn/N) .
Jik nzoyj,n Pt /M

In other words, we first compute DFT's along rows of the grid, and then

compute DFT's along columns of the grid (or, of course, vice versa).

It does not seem to be generally known that there is a faster way of
implementing Eg. (22). Henrici [13] mentions an alternative approach, but
states that it is only faster for the case N=2F . However, this is because
he uses a version of the FFT in which the rotation factors are not separated
out. We will show here that the alternative approach can be faster for any

composite N.
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The two-dimensional FFT algorithm is most easily derived using matrix

algebra. Eq. (22) may be written in the form
X = (WN x WM) z .

For simplicity we will consider the case M = N = pg and choose the self-
sorting variant of the one-dimensional algorithm, though any other.

variant would do equally well. From Eq. (7) we have

W xWw ) =[w x1)pPp® w x1)] x[W_ x1) P> w x1)] .
pq jeie] [, g P g g p q)] [ gq P g9 q ( b q ]
Using the rules of matrix algebra for Kronecker products, we can rewrite
this as

W xW )= (W xI xW x1I )(PP X Pp)(Dp X Dp)(W xI xW xI) . (23)
jee) Pg g p q P g q a q b a b q

Eq. (23) is a direct two-dimensional analogue of Eq. (7). 'Reading the factors
from right to left, we have first a set of qz (p x p) two-dimensional
transforms, then a diagonal matrix of rotation factors, then a permutation
matrix, and finally a set of p2 (g x gq) two-dimensional transforms. The
important point is that the rotation factors have been multiplied together,
and there are now only N2 of them; in the conventional approach the N
transforms along rows contribute N2 rotation factors, and the N transforms
along columns contribute a further NZ, so there are twice as many altogether.
If redundant multiplications by 1 are avoided in each case, then the ratio
becomes slightly less favourable, but Eq. (23) still represents a
significant improvement. The extension to more factors is straightforward,
as is the extension to the case M#N. By way of illustration, for

=N=64=43 the three-factor analogue of Eg. (23) includes 7047 non-redundant

multiplications by rotation factors, while the conventional approach

requires 10368.

The operation count for the rest of the algorithm, excluding the
multiplications by rotation factors, is in general the same whichever
approach is used. However, for certain factors (e.g. 3x3 and 5x5), the
small two-dimensional transforms can themselves be implemented using fewer
operations than the conventional approach, thus affording further savings;
the tricks required here are analogous to those used by Winograd [ 29]

for one-dimensional transforms.
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Also straightforward is the extension to three or more dimensions;
the higher the dimensionality of the transform, the greater the

savings which can be made.

6. CONCLUDING REMARKS

The aim of this paper has been to present some of the ideas which have
contributed towards the development of FFT packages used in numerical
weather preaiction models at ECMWF and the UK Meteorological Office.

In particular the matrix algebra approach of Section 2 may help to spread
understanding of how the many variants of the FFT algorithm can be
derived. The skeleton Fortran routines, together with the small transform
algorithms of Section 3, should provide a basis from which interested
readers can construct FFT programs to suit their own requirements. An
effort has.been made to dispel some lingering myths about the FFT,

to point out the advantages of the self-sorting variants and of vector’
techniques, and briefly to indicate how savings can be made in multi-
dimensional transforms. Finally, it is hoped that something of the

intriguing character of the algorithm has been conveyed.
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TABLE I

Operation counts for transforms of length n

BASIC FAST
adds mults adds mults
2 4 0 4 0
3 20 16 » 12 4
4 24 0 16 0
5 72 64 32 12
6 92 64 36 8
"TABLE II

Operations per real point for x = ﬂan

n adds mults
2 1.5 1

3 2.67 2

4 2.75 1.5
5 4 2.8
6 3.83 2.33
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TABLE III

Real operation counts for complex FFT's of length N

n=2,3,5 n=2,3,4,5,6
N adds mults adds mults
180 = 22 32 5 4082 2452 3842 1972
192 = 26 3 . 4098 2308 3778 1668
200 = 23 52 4602 2644 4502 2444
216 = 23 33 4970 3028 4538 2164
240 = 24 3.5 5602 3268 5322 2708
256 = 28 5634 3076 5122 2052
TABLE IV
Times per transform (ms) for complex FFT's
Cray-1 Cyber 175
N single multiple single multiple
32 .074 .012 .750 .280
36 .086 .016 .780 .330
96 .150 .052 1.940 1.110
100 . 160 . 064 2.090 1.550
1024 . 760 21.140 19.000

1.110
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