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ABSTRACT

Two semi-Lagrangian advection schemes have been implemented in the BMRC
global model — a standard Ritchie type U-V scheme and a new vorticity-divergence
formulation. The new formulation is a three time level semi-implicit spectral ap-
plication of the semi-Lagrangian method to the scalar advection equations for
vorticity and divergence. The semi-Lagrangian formulations are described and
some numerical results with the two versions are presented.

1. Introduction

Following the work of Ritchie and co-workers (Ritchie 1988, 1991, Ritchie et al. 1995)
we have implemented the three time level semi-implicit semi-Lagrangian advection scheme in
the BMRC global spectral model (Bourke et al. 1977, Bourke 1988). Several of the standard
refinements have been included in the model: (i) using the Taylor series tangent plane ap-
proximations away from the poles (Ritchie & Beaudoin 1994), (ii) spatial averaging between
the backward and forward time level trajectory points for terms evaluated at the interme-
diate time level (Tanguay et al. 1992), (iii) “quasi-cubic” mixed cubic-linear interpolation
formulae (Ritchie et al. 1995).

This version of the BMRC global spectral model contains several other options: (i) re-
duced grid (Hortal & Simmons 1991, Courtier & Naughton 1994), (ii) option of using dif-
ferent resolution grids in the different transform loops for dynamics, physics, data analysis,
(iii) choice of triangular or rhomboidal truncation, (iv) dynamic memory allocation to enable
run-time setting of resolution dimensions.

A new variant of the spectral semi-Lagrangian method has also been developed which

applies the semi-Lagrangian technique to the scalar equations for vorticity and divergence.
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2. U-V Semi-Lagrangian Formulation

Since our U-V semi-Lagrangian implementation follows Ritchie’s formulation in most
respects, only a brief description is given of the scheme to highlight the differences in our

implementation.

The semi-Lagrangian scheme has been implemented within the framework of the existing
BMRC spectral model, which is an Eulerian vorticity-divergence semi-implicit model with

two transform loops for dynamics and physical processes.

The horizontal momentum equations are

c;—l; + fkxu+ Ve, + R,TIV(lnp,) = Fy (2.1)

which can be expressed in terms of the wind images (U,V), where U = ucosf/a, V =

vecosf/a, as

oU .0U 1 (0¢, 0 _
E_'_A(U’V’U)-'-U%_fv-{_? <E+RTI,—8—X(lnp3)> —FU (22)
av . .0V 1 0¢, 0 _
T + A(U,V, V) +2sm9E+aEf— + fU+ o) (cosB 50 + RT, cos Oﬁ(lnps)> = Fy (2.3)
_‘- (U2 + V2)
E= 2 cos? 6 : (24)

The semi-implicit time stepping algorithm differs from the scheme of Ritchie (1991) in
the linearization of the temperature equation. The temperature equation is

1dT" _ R,1dp
T dt cp pdt
or
dI'  RTw
i~ cp P

where w = dp/dt, o = p/p;,

which can be expressed in terms of §, u, Inp, as

0 o 0 4
E:{/ 5da'—/ 5d0'+(/ uda'——/ uda'—i—ffu) .V(lnps)}/a
p 1 1 1 1

The moist gas constant and specific heat for moist air are given by the formulae
R, ~ (1+0.61¢)R,
cpy ~ (1 +0.87g)c,
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where R,, c, are the constants for dry air, so, keeping only the linear term in g,
R R R
(—) =— ~ —2(1-0.26q)
/vy Cowv O

The linear part of the divergence component of the temperature tendency is the term which

w(/% dg:_/”(; d(,f)
Cp0 1 1

since this term is linear in the divergence it can be handled conveniently in spectral space.
The other terms which are calculated semi-implicitly are the V¢ and R,T(c;t = 0)V (lnp,)
parts of the V¢, and R,TV(Inp;) terms in the in the momentum equations and the fol 6 do’

is treated semi-implicitly

term in the surface pressure equation. The residual parts of these terms are calculated centred

in time f.

The vertical discretization in sigma coordinates uses the same scheme as in the Eulerian
model version (Bourke 1974) with some slightly different terms being needed for the vertical
trajectory and vertical advection calculations; one of the the additional terms which is needed

for the continuity equation is 8¢ /90, given by

.g.g. = - (/106(0')da' + 5) - (/10u(a’)d0’ + U) V(Inp;)

This is the vertical velocity term in the multilevel form of the continuity equation which
vanishes in the vertically averaged continuity equation in the Eulerian model formulation, but
not in the semi-Lagrangian equations. The semi-Lagrangian discretization of the continuity
equation uses the two dimensional trajectory given by the horizontal components of the full
trajectory used for the other equations; note that in the 3D and 3D-NIV schemes this will
not be identical to calculating a separate two-dimensional trajectory, but the difference is
assumed to be negligible (Ritchie et al. 1995).

One of the subtleties of the spectral semi-Lagrangian schemes involves the order of op-
erations between spectral differentiation and grid point interpolation. In general these two
operations do not commute and care is required to ensure that calculations are made in the
correct order. One term which requires different treatment for this reason is the residual part
of the geopotential in the divergence equation. In the vorticity-divergence Eulerian scheme
this term is included in the divergence equation as V? (¢, — ¢), in combination with the
V2E term — the quantity F + (¢, — ¢) is calculated in grid point space and transformed
to spectral space where the V2 operator is applied. Whilst the V2E term is not present in

1 Actually, in the present implementation the R, (T(a, t) — T(o,t = 0)) contribution is
lagged in time; since it is calculated spectrally in the Eulerian code, it has been combined

with other linear lagged terms calculated spectrally in the semi-Lagrangian version.
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the semi-Lagrangian scheme the geopotential term must still be calculated. To calculate this
term correctly in the U-V semi-Lagrangian form the horizontal derivatives of T' and ¢ are
transformed to the grid, V (¢, — ¢) calculated and then interpolated to the departure points,
transformed to spectral space and then the divergence calculated spectrally. If the Eulerian
algorithm is naively translated to the semi-Lagrangian scheme by interpolating (¢, — ¢) the
result is different; The difference can readily be seen by observing that the resultant interpo-
lated field is defined at the departure points, not on the model Gaussian grid, so the usual
spectral transform and multiplication will not give the true Laplacian for this irregularly
spaced grid. In practice, because this correction term is small the difference is not signifi-
cant, but the correct calculation is nonethelesss clearly preferable. Note that this term is not
present in the ECMWF model version which uses virtual temperature as the spectral variable
(Ritchie et al. 1995).

More generally, any nonlinear terms involving horizontal differention must be calculated
in advective form (instead of flux form) in the semi-Lagrangian scheme so that they can be
available to be interpolated on the grid when they have been evaluated. The only correct
way to treat nonlinear terms in flux form would be to add an extra transform to spectral
space and back to grid point space, which would be more complicated and add an undesirable
computational overhead.

Computational details — multitasking strategy

Both the Eulerian and semi-Lagrangian model version are multi-tasked for shared memory
parallel vector computer architecture. The dynamics and physics multi-tasking is primarily
over latitude except for the transform from Fourier coefficients to spherical harmonic coefhi-
cients where the accumulation over latitudes is multi-tasked over zonal wavenumber instead
(Dent 1992, Bourke et al. 1995). The BMRC model is an “in-core” model, i.e. there is no use
of “gridpoint workfiles” during the calculation to store temporary grid point and Fourier co-
efficient fields. In order to conserve space the primary dynamical fields are stored in spectral
space and the Fourier and grid point representations are calculated and used one latitude at
a time.

For the semi-Lagrangian scheme the latitude processing strategy must be modified be-
cause the the trajectory calculations and departure point interpolations require information
from several neighbouring latitudes for the semi-Lagrangian calculations at each arrival point
of the regular Gaussian grid. To accomplish this a cyclic band of latitudes is used (as in
the ECMWF model) — the required calculations are split into two phases, the first to com-
pute the information required for the interpolations and the second to perform the trajectory
calculations and semi-Lagrangian interpolations. These two phases of the calculation are
lagged such that the first leads the second by‘ several latitudes, so that the neighbouring

latitudes information is ready when it is needed. The cyclic grid buffer is used in such a way
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that latitudes are overwritten when they are no longer needed for successive interpolations.
For multi-tasking purposes the latitudes are grouped into bands such that a band of several
latitudes is processed simultaneously to the point where the Fourier coefficients have been
calculated for the spherical harmonic coefficients. At this point the multi-tasked calculations
are synchronized and the contribution of this band of latitudes to the spectral coefficients is
calculated. With this scheme the Fourier coeflicient arrays can be reused for each band of
latitudes, reducing the memory required to store them or the need to read and write them to
disk. Likewise the use of a cyclic grid buffer for the interpolation step economizes on storage
of grid field data. The size of the cyclic grid buffer is equal to the maximum width of the
departure point interpolation stencil for a band of latitudes, which depends on the meridional
Courant number (i.e. maximum meridional velocity times time step divided by meridional

grid spacing) and number of processors.
3. Numerical Experiments with U-V Semi-Lagrangian Model

The period from 1-14 February 1995 has been used for comparing several versions of the
BMRC model and assimilation system with the current R53_L19 operational system, includ-
ing the semi-Lagrangian schemes, triangular versus rhomboidal truncation, reduced Gaussian
grids, mass flux moisture, linear grid resolution for the data assimilation and OI moisture as-
similation. The operational (Eulerian) model uses a 9 minute time step, although at this time
of year the stability limit is closer to 12 minutes. Fourth order implicit horizontal diffusion is
used with diffusion coefficient 7.5 x10'® m* s~!. The Eulerian model and assimilation has
been run at T79.L19 and T106_L19 through the period, with little difference between the
R53_1.19, T79.L19 and T106_L19 forecasts and verification statistics (ref. Fig 11) compared
to the significant positive impact of the mass flux physics changes (ref. Fig 2). The lack of
skill improvement in going to higher resolution (not shown) suggests that adjustment of some
of the topography generation, diffusion coefficients, etc., or perhaps increasing the number of
vertical levels may be needed for the increased resolution.

Semi-Lagrangian forecasts have been run at both T79_L19 (full period) and T106_L19
(individual cases) resolutions starting from initial conditions from the Eulerian assimilation
cycles with time steps of 20 minutes and 9 minutes. As in the Eulerian case the T106
forecasts did not improve upon T79 and we have focussed mostly on the T79 resolution.
In the midlatitudes the forecast skill of the semi-Lagrangian scheme is comparable to the
Eulerian scheme, but in the tropics there is a distinct cold bias in both the MSLP and
geopotential height fields (Fig 3, Fig 4).

1 The T79_119 system used for these experiments also contained an improved (OI) moisture
assimilation scheme, which has some impact in the tropics.
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Fig 1. [GASP] Operational GASP R53.119 vs [T79] T791L19.
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Fig 2. [GASP2] T79.L19 pre-operational trial (incl. massflux & interactive cloud optical

properties & global ozone & OI moisture assimilation) vs [GASP] Operational
GASP R53_L19.
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Fig 3. [T'79] Eulerian T79 vs [T79_sl] Semi-Lagrangian T79.
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The sensitivity to dynamics grid resolution while keeping physics grid resolution fixed
has been examined at T79 and T106 by running with both coarser (“linear grid”) and finer
dynamics grids than the quadratic grid resolution: at T79 — 80x 160 (linear), 120 x 240
(quadratic), 150x 300 (fine grid), and at T106 — 108 x216 (linear), 160x 320 (quadratic),
200 x 400 (fine grid). The verifications show negligible difference between the quadratic and
fine grid forecast skill, but the linear grid results are slightly less skillful. Of course, the linear
grid is also cheaper than the quadratic grid, which would enable higher spectral resolution
to be run at the same cost, but this comparison has not been attempted here.

4. Vorticity-Divergence Semi-Lagrangian Formulation

The vorticity-divergence semi-Lagrangian formulation applies semi-Lagrangian time inte-
gration to the evolution of the vertical component of vorticity and the horizontal divergence.
Equations for these scalar quantities are obtained by taking the curl and divergence of the
horizontal momentum equation, and expressing the advection terms as the advection of vor-
ticity and divergence respectively plus additional terms which are evaluated and interpolated
in the usual semi-Lagrangian manner. The nonlinear terms are most conveniently written
in advective form so that they can be interpolated without need for derivatives to be taken
after the nonlinear products are formed.

The equations for vorticity and divergence ((,d) are obtained by taking the curl and
divergence of the horizontal momentum equations (2.1). In terms of the (U, V') variables the
horizontal curl and divergence operators are given by ( = k.V xu= a(V,-U), § =V.u=

a(U, V). The following vector identities are also employed:
o AUV,V)+25in0E , —A(U,V,U) ) = AU, V,() + &

a( AUV,U), AU,V,V)+25in0E ) = AU, V,6)+ 6> — 2J

where J is the Jacobian of the horizontal velocity field, which can be expressed as

1 (0U 1% ouov ou oV
= 00849{ N COSQW Cos 0'55—5;\“ + sin 6 (V'é—)\—' - U"é—/i‘)
. ou ov 1+sin®0 , 9
| —smﬁ(UcosGae—{—Vc 5966) —T—(U -I-V)}
The vorticity and divergence equations become
0 0
X AWV O =
at
1 0o OV da\ oU
— {5C+ o2 0 ['8—;\"*6—0—_' — (COSQ"‘BE) 90 jl + 2Q(5sm9+V)
R oT, 0 0T, 0
+ oo 0 K 8)\) (cosé’%(lnps)) - (cosﬂ 39) (a/\(lnps)ﬂ}
+ o(Fy, —Fy)

(4.1)
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094 .06
e 1 a_&_aU 05\ oV
{6 cos?f [OA 80 939 do +20(Csing —U)
+ V2, + (Inps) (4.2)
R oT, 0 o7, 0
t 2 oos?d [8/\ a/\(lnps) + (cos HW) (cosH%(lnps)ﬂ}
a(FU,FV)

For simplicity, virtual temperature is approximated by the first term in the Taylor series
as T, = T(l + €g); the gradients of virtual temperature appearing above are evaluated using
the product rule. The V?¢, term depends on V2T, as

V2¢, =AV?T,
V2T, =(V°T) (1 + €q)) + T (eV?q)
2¢ oT Bq oT 0q
t o0 ( X A ( 9%) (C 969))

where A is the vertical integration matrix for the hydrostatic equation.

The diagnostic relation for ¢ in terms of §, U, V, In(ps) can be written as

§ = I0)+ sz { 1) 5 p) + 1Y) st np) |

where -
I(f) = I(f)(0) = (1 — o) / f(o')do' — / £(o")do"

This equation is differentiated horizontally in A and 6 to obtain expressions for calculating
the terms involving ¢ on the right hand side of (4.1), (4.2):

iy 04 1 au\ o0 i
[ 1(5) gtwp)+10) 25

ooyt ote
ov 0 0
+1I ((’M) 003966(111193) +I(V)a (cosﬁ (lnps)>}

00

do
cos — = I(cos 05—9)

06

1 oUu\ o0 o (0
+E(—)—S-é—§{ I(cosﬂag) 8A1np5+I(U)C08989 (aAlnps)

ov 0 0 0
+1 (cos 0%—> cos O—a—e(lnps) + I(V) cos 05@ (cos 95—9'(111193))}

2sin 6 0 0
+cos20 {I(U)a)‘(lnps) + I(V) cosﬁag(lnps)}
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In comparison with the (U,V) semi-Lagrangian formulation the extra nonlinear terms
on the right hand side require additional grid point calculations and Legendre and Fourier
transforms. Relative to the scheme described in Ritchie et al. (1995) four multilevel and one
single level extra Legendre tranforms are needed if T is used as the spectral temperature

“variable, namely ¢, cos636/06, V2T, V2q, V2(Inp,), reducing to two additional multilevel
transforms if virtual temperature is used as the spectral variable, since the V2 terms are not

needed in that case.
5. Numerical experiments with vorticity-divergence semi-Lagrangian model

Results from the vorticity-divergence semi~Lagrangian model are only preliminary at this
stage as the model has only recently been written and is still in thevprbcess of being tested. In
order to validate the coding of the model an “advective form vorticity-divergence Eulerian”
option has been written, much in the same way as a U-V Eulerian model was developed as
a preliminary step to the development of Ritchie’s U-V semi-Lagrangian models. The terms
A(U,V,¢) and A(U,V,0) in (4.1), (4.2) only require the gradient of vorticity on the grid in
addition to fields already available, but this is readily calculated. The spectral coefficients of
the @ terms calculated at ¢t = 0 from the advective vorticity-divergence Eulerian form have
been compared with the vorticity-divergenbe flux form and the U-V Eulerian form, with all
three agreeing to a high degree of precision — in excess of 7 digits for a calculation using a
uniform quadratic dynamics grid. This level of agreement is as expected since the dynamics
terms contain at most quadratic nonlinearities so there are no truncation error differences only
different roundoff errors between the different calculations. This agreement in the calculation
of the Eulerian advection terms is sufficient to validate that the advective vorticity-divergence

Eulerian formulation is equivalent to the other forms.

Tests with the vorticity-divergence semi-La;g.‘r‘angian model have been ‘less4 satisfactory,
with two significant problems arising: a restrictive time step numerical stability limit and
significantly larger and unacceptable errors compared with the Eulerian and U-V SL models.
The numerical stability limit is intermediate between the U-V-SL and Eulerian models, but
much closer to the latter. The U-V SL model has been mostly run with a 20 min time step; a
30 min time step is still stable, but the forecast skill is significantly poorer and the fields are
quite noisy in the tropics. For the 1 February case the Eulerian model with a 20 min time
step becomes unstable almost immediately with wind speeds in excess of 200 m s~1 being
generated in less than 6 hours. The V-D SL model with a 20 min time step crashes after
about 48 hours. With the time step reduced to 15 min or 12 min the V-D SL model ran to 5
days on the 1 February case, but failed on several of the other cases in the 1-14 Feb period.
Finally the time step was reduced to 9 min producing satisfactory integrations for all cases.
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Charts of the V-D SL model 5 day forecast from 1 February show that the main features
of the flow are consistent with the other models (Fig 5), which demonstrates that the scheme
is correctly solving the equations. However the forecast verification statistics (Fig 6, Fig 7)
show that there are large biases in both midlatitudes and tropics and the RMS and anomaly
correlations are noticably worse than the other models.

At this stage we are still testing the V-D SL model, so we can not rule out the possibility
of coding errors. However, assuming the coding is correct, the reasons for these model
deficiencies would then lie with the formulation. Compared to the U-v scheme there are
clearly more and larger nonlinear terms which are calculated explicitly in the V-D scheme,
and in general these terms will contribute to the numerical stability limitation. The accuracy
of the semi-Lagrangian advection scheme could be being influenced by the accuracy of the
interpolation, which in the V-D scheme is performed on differentiated quantites which are
less smooth than the fields being interpolated in the U-V scheme. |

In order to isolate whether the treatment of one or other of vorticity and divergence is
making the larger difference between the U-V and V-D schemes we have modified the code to
take the vorticity contribution each time step from the V-D scheme and divergence from the
U-V scheme (labelled VD-VOR) and vice versa (VD-DIV). Both these hybrid schemes have
been run with both 20 min and 9 min time steps on the 1 February case and even with the
larger time step they both run successfully to 5 days. Comparing the forecasts with the U-V
SL and V-D SL models shows that the the treatment of vorticity is much more significant
than divergence — the VD-DIV hybrid which uses the U-V scheme for vorticity is closer to
the U-V SL model, and the VD-VOR hybrid is closer to the V-D SL model (Fig 8). Note
that the formulation of the VD-VOR hybrid has similarities with the potential vorticity semi-
Lagrangian model of Bates et al. (1995) which advects potential vorticity using the scalar
potential vorticity equation and obtains divergence from a semi-Lagrangian scheme for the
vector momentum equations.

Another type of hybrid calculation was also made as a precursor to implementatio n of
the V-D SL scheme to see whether the Eulerian divergence equation was contributing to the
CFL time step limitation in the same way as the other fields. Whilst vorticity, temperature
and moisture are all clearly advected by the flow field it is not so clear whether this is as
much the case for divergence, especially since the flux form of the divergence equations has
no explicit V.(ud) term in it like the other fields. The hybrid code picks up the divergence
Q) term from the Eulerian scheme and the other ) fields from the U-V SL scheme in spectral
space immediately before the implicit part of the time stepping calculation. The results show
that the stability characteristics are essentially the same as the Eulerian model, since with
8 20 min time step the model becomes unstable after 8 hours. Otherwise, with the smaller
step, the results are comparable to the ordinary U-V SL scheme.
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Fig 6. [T79.sl] U-V Semi-Lagrangian T79 vs [T79_sl_vd] V-D Semi-Lagrangian T79.
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Diff from 779 SL : V-D scheme
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Fig 8a. Difference between T79 V-D and T79 U-V semi-Lagrangian forecasts.
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Diff from T79 SL : VD-VOR scheme di=9 min
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Fig 8b. Difference between T79 VD-VOR and T79 U-V semi-Lagrangian forecasts.
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Diff from T79 SL : VD-DIV scheme dt=9 min
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Fig 8c. Difference between T79 VD-DIV and T79 U-V semi-Lagrangian forecasts.
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Diff from T79 SL : Eulerian scheme
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Fig 8d. Difference between T79 Eulerian and T79 U-V semi-Lagrangian forecasts.
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